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Nonlinear Sonic-Boom Propagation including
the Asymmetric Effects

A. Ferri,* L. Ting,t and R.W. Lot
Division of Applied Science, New York University, N. Y.C., N. Y.

A numerical program is developed which takes into account the nonlinear effects of high Mach number, the
entropy change across the shock, the entropy and enthalpy variations in the atmospheric layer and the
gravitational effect. The program differs from the existing ones by accounting for nonaxisymmetric terms. The
asymmetry can be caused by the geometry of the body, the lift, and also the fact that the variations in the at-
mospheric layer are two dimensional. Numerical results demonstrate that the influence of these asymmetric
effects tends to lower the pressure signature.

I. Introduction

T HE sonic boom induced by an airplane in supersonic
flight was the primary cause of the ban on supersonic

flight and the demise of our national SST program a few years
ago. Recent commercial flights of Concorde point out that the
advancement of technology cannot be stopped unilaterally. In
order to reverse our public's opinion against SST, it is
essential to show that we can design an SST which is finan-
cially attractive and produces a low boom over pressure at
ground level, of the order of 1 psf or less, acceptable over
populated areas. Many theoretical and experimental in-
vestigations1"9 demonstrated adequately that for larger and
slender airplanes, i.e., longer airplanes, the gound signature
may not attain their far-field TV-wave form. It may be possible
to design an airplane weighing over 500,000 Ibs with a low
boom less than 1 psf by flying at higher Mach number4"9 and
at higher altitude (say over 80,000 ft). Additional references
and a survey of present status in sonic boom research can be
found in Refs. 8 and 9.

For an airplane flying at a moderate supersonic speed, the
linearized theory is valid in the near-field. Whitham's
theory10 which makes second-order corrections to the
outgoing characteristic lines and shock waves, yields accurate
predictions for the pressure signature at ground level when the
wing-body configuration is replaced by an equivalent axially
symmetric body. Based upon Whithan's theory, there are two
numerical programs} U2 for the sonic boom analysis. The first
program * ] is based on a uniform atmosphere and a correction
factor for the reference pressure. The second program12 is for
nonuniform atmosphere. At high Mach number, say greater
than 3, the nonlinear effects in the near field become more
important.5'7 At higher flight altitude, the variations of
temperature and entropy of the atmosphere and the ac-
cumulation of the higher-order terms over long distance of
wave propagation can be significant. Therefore, a third
numerical program7 was developed for the axisymmetric
analysis including all the nonlinear terms in the governing
equations and the nonuniformity of the atmosphere. The
program is similar to the standard characteristic methods with
a modification for the outgoing characteristics so that the line
segment between two grid points is not a straight one. It is
curved in a shape consistent with Whitham's theory, i.e.,
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there are linear and square root terms. The same procedure is
used for the shock shape. The characteristic equation is
rearranged so that the left side is an exact differential of the
invariant under Whithan's theory and the right side will be an
order-of-magnitude smaller than that in a standard
characteristic equation. Therefore, the step size along the
outgoing characteristics can be increased to size of the body
length in the far field. Numerical results from the nonlinear
axisymmetric program were compared with those from the
first two programs11'12 in Ref. 7. The differences are
significant for the location and strength of the rear shock. The
difference in the strength of the bow shock increases as Mach
number increases.

All three programs7'11'12 are formulated for an axisym-
metric or quasiaxisymmetric flowfield with the wing-body
configuration replaced by an equivalent sysmmetric body.
However, the real sonic boom problem is not axisymmetric
because the nonuniformity in the atmosphere is two
dimensional and the airplane configuration is not axisym-
metric, in particular due to the life requirement. To check the
degree of accuracy of the analyses based on the assumption of
quasiaxisymmetry, we developed a numerical program which
takes into account the asymmetric effects.

The new numerical program is basically an extrapolation
method rather than a self-contained prediction method. It
requires as input data a rather complete description of
flowfield properties in the extreme near field of the aircraft;
data such as might be supplied by wind-tunnel tests or by
appropriate analytical methods when they become available.
In this sense, the methods used for comparison are more
complete. The method of Ref. 11 requires only an airplane
area and lift distribution as input, but of course is applicable
to the real atmosphere only through use of conversion factors
obtained elsewhere. The method of Ref. 12 requires an F
function as input (which may be generated by the method of

GROUND
Fig. 1 Coordinate system for sonic-boom analysis.
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Ref. 11) and does account for the real atmosphere. The
method of Ref. 7 requires the replacement of the wing-body
configuration by an equivalent body of revolution. The
various methods are thus not quite the direct competitors.
Each has its own particular application and to some degree, as
indicated above, the methods are complementary. The most
important use of the method discussed here is likely to be in
wind tunnel testing of proposed aircraft including low-boom
designs. An extrapolation method such as this which permits
consideration of flow asymmetries will allow close-in
measurements for larger models. This would provide for more
detail in modeling, more accuracy in measurement, and also
would permit as-you-go tailoring of the model to better
approach theoretical minimums.

II. The Analysis
For an airplane cruising at high altitude, the region of

ground pressure signature, which is of prime interest, lies near
the vertical plane of symmetry with respect to the airplane. In
order to explain the approximations for the axisymmetric
analysis and the corrections due to asymmetry near the
vertical plane (\l/ - 0) we introduce cylindrical coordinates x, ry
\l/ with respect to the axis of the airplane (Fig. 1). The velocity
components are u, v, w. Before writing down all the
governing equations, we will make a simple count of the
number of equations and unknowns. There are five equations;
the continuity, energy, and three momentum equations for
five unknowns, u, v, w, p, p. It is a three-dimensional
problem involving variables (xtr,\l/). To simplify the
notations, we introduce the symbol O to denote the value in
the vertical plane \j/ = 0, i.e.

u(x,r) = (1)

In the plane \l/ - 0, the five governing equations reduce to four
equations because the ^-component of the momentum
equations is an identity. Although vv = 0, these four equations
involve, w, v, p, p and w^/r. The last one is neglected for large
r in the quasiaxisymmetric theory. To include the asymmetric
term w^/r we are short of one equation. We will differentiate
the i/'-component of the momentum equation with respect to \l/
and the other four equations with respect to \l/ twice and then
set \l/ = 0. The results are five equations involving additional
variables u^t v^t p^, p^, vvw/r. We now have nine
equations involving ten variables. Since the influence of vvw/
r on the physical variables in the plane ^ = 0, i.e., ii, v, p, p,
are of the order 1 /r3 and both vv^ and ww are induced by the
asymmetric terms, we introduce the closure condition

w , , , = — w, (2)

which is valid if vv behaves as sin \l/ when the asymmetry is
induced primarily by the lift. With the closure condition we
now have nine governing equations in the plane \l/ = 0, for nine
variables ii, v, p, p, w^, w^, v^, p^ and p^ involving only
two independent variables r and x.

Regarding conditions across a shock wave x =f(r, \f/), we do
not have to introduce any closure conditions. At ^ = 0, the
shock conditions yield the necessary number of equations for
the jumps of uy v, p, and p. Now we will differentiate the
shock conditions with respect to ^ and then set ^ = 0, we
obtain the necessary number of equations for the jumps of

The system of nine differential equations can be combined
so that they can be integrated along unequal characteristics
nets in a similar manner as in the axisymmetric cases.7 The
numerical program for the asymmetric analysis is then
developed.

The method of this analysis differs from the method of
perturbation from an axisymmetric flow; in the present
method the characteristics in the plane ^ = 0 are the true ones,
while the latter correspond to the axisymmetric flow only.

This analysis is based on the consideration of large r, i.e.,
the far field, and cannot be applied to the neighborhood of
the wing-body configuration. The numerical program is
applicable at a distance from the airplane. The boundary data
required for the program (say at r = body length) have to be
furnished by a different source, e.g., a three-dimensional
analysis of the near field or wind-tunnel test data. The present
analysis in turn provides the quantities which should be
measured in the wind tunnel in order to carry out the far-field
analysis. Details of the analysis are described in the next two
subsections.

A. Governing Differential Equations
The governing equations for the inviscid flowfield, in-

cluding the gravitational terms and the variation in total
energy due to the nonuniformity of the atmosphere, are

(3)

(4)

(5)

p - y V p ) = 0

V )v = —p ~] Vp+g

where
= PRT=pa2/y

gdy

(6)

(7)

g is the standard gravity and the .y-axis points in the vertical
direction. For the convenience of numerical computation later
on, the pressure and density variables are eliminated from
Eqs. (3) and (4), and the results are

= (vg)/a2

(V xv) xv =

The component of Eq. (8) along the streamline yields

(8)

(9)

(10)

Ahead of the front shock wave, the velocity is uniform with
velocity (/a,/; the temperature r^ (y) and pressure P00( y) are
given functions of the altitude y, fulfilling the hydrostatic
equilibrium condition

[Pa0(y)]-1(dp00/dy) = - (U)

For an airplane flying at a constant altitude Y, it is convenient
to introduce cylindrical coordinates x, r, </> with velocity
components u, v, w (Fig. 1) with

y=Y-rcosifr

V = i(d/dx) +f(d/dr) +^

(12)

(13)

In the vertical plane of symmetry (^ = 0), the cir-
cumferential component w vanishes; however, the cir-
cumferential derivative of w does not. The circumferential
derivatives of M, v, H, and S vanish at ^ = 0 because of
symmetry. The governing equations (8,9,5 and 10) reduce to

2 gv

q2(vx-ur) = -
dH
dn

8S
—
dn

/ a a \ _ dH(U— + V—)H=— = 0
\ dx dr/ da

(15)

(16)
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a
V

dS
(17)

where w(x,r) = H^,<72 = w2 + i;2, qd/dn = ud/dr-vd/dx; a is
the arc length along a streamline. In the vertical plane of
symmetry, the asymmetry effect appears only through the
term w/r in the continuity equation (14). If we ignore w/r on
the grounds of large r, we arrive at the axisymmetric theory.

Since the 0-component of Eq. (9) on the plane 0 = 0 is a
trivial equation, it is differentiated with respect to 0 and then
set 0 = 0. The result is a differential equation for vv

= [-vw-H+a2S/(yR)+uu + vv]
da

(18)

Unfortunately, we have four additional unknowns u, v, H, S,
where (~) represents the second 0 derivative of the quantity
at 0 = 0, e.g., u(xtr) = u^ (x,r,0).

Since the first 0 derivatives of the remaining equations of
Eqs. (8, 9, 5 and 10) are trivial at 0 = 0, their second 0
derivatives at 0 = 0 yield

(l-ii2/a2)ux-(uv/a2)(ur+vx) + (l-v2/d2)vr =
M _fo
da da

dw
—
da

)/r]

)x dr/* v ' ' w do

2(ur-vx) = -q(dH/dn)+q3(dS/dn)/(yRM2)

-2w(uv-vii)/r+2qw(dw/dn) -2w2u/r

+ (uu + vv) (vx -ur) -d2q(ds/dn)/ (yR)

q(dff/da) = - [u(d/dx) + v(d/dr]H-2wH/r

q(d§/da) = [u(d/dx) +v(d/dr)]S-2w§/r

(19)

(20)

(21)

(22)

The first set of four equations (14-17) and the second set of
five equations (18-22) would form a closed system for the
unknowns w, v, H, 5, and w, w, v, H, S if Eq. (19) did not
contain a new unknown vv^ which is w^ (xtr,0). A closure
condition is introduced,

= - w (23)

The condition can be justified on the assumption that the
basic contribution of asymmetry is first harmonic in 0, i.e.,
w(x,r,0) ~ vv(jt,r)sin0. This is logical because, with the
asymmetry due to lift and that due to two-dimensional
nonuniformity in the atmosphere, there are predominantly
first harmonic terms in \l/. With the closure condition of Eq.
(23), Eqs. (14-22) form the complete system for the nine
unknowns, ut v, H, S and w, u, v, H, §.

An iterative procedure for the numerical integration of
those nine equations will be described. The first four
equations can be considered as four equations u, v, H, S when
w is assumed to be assigned. In that case they can be in-
tegrated in the same manner as in the axisymmetric problem.
That is, we recombine Eqs. (14) and (15) to two equations to
be integrated along the two characteristics in the plane 0 = 0
for the determination of the new characteristic grid point and
the values for u and v or their equivalent variables, say M and
6, and the other two equations (16) and (17) are integrated
along the streamlines for the value of H and 5. When the

values of uf v, H and S at the new grid point converge to their
final values corresponding to an assigned value of w, which
will be equal to the value at the nearest grid point for the first
cycle of iteration, we proceed to integrate Eqs. (18-22) for the
values of the asymmetric variables at the new grid point. We
note that the differential operators on u and v on the left sides
of Eqs. (19) and (20) are the same as those for u and v in Eqs.
(14) and (15). They will be recombined in the same manner
into two equations to be integrated along the two charac-
teristic lines for the determination of M, v at the new grid
point. Eqs. (18-21, 22) will be integrated along the streamline
for w, H and 5. Thus one cycle of the iteration process is
completed. With the new value for w we start the next cycle
until the differences of the values between two cycles are
insignificant.

B. The Shock Conditions
We will develop the shock conditions across an embedded

shock front x=f(r,\l/). The quantities ahead and behind the
shock will be designated by the subscripts 1 and 2 respectively.
The conditions across the bow shock can be obtained when
the quantities ahead of the shock, i.e., with subscript 1, are
replaced by the undistrubed flow quantities ahead of the bow
shock.

The conservation conditions across the shock front are:

Mass

I- v}fr-

Momentum components

Energy

(24)

(25)

(26)

(27)

(28)

In the vertical plane of symmetry (0 = 0) these conditions
become:

02/rl (29)

(30)

(31)

(32)

l +£>i = mu2 +p2

i + v2
1+2ypj((p](y-l)]

+ v2
2 + 2yp2/[p2(y-l)]

while Eq. (27) becomes an identity. These four equations are
the standard oblique shock equations. We note that
fr=fr(r,0)=cot(0 + 6 } ) where & is the shock angle with
respect to the flow direction ahead of the shock.

It should be pointed out here that for weak shocks these
four equations in the first approximation, become four
homogeneous equations for the differences u2 — u]t v2 — v]t
p2-pi and p2-pj. The determinant of the linear equation
vanishes as the shock angle j8 approaches the Mach angle.

We could proceed to establish the shock conditions for the
asymmetric quantities in the same manner as for the dif-
ferential equations, i.e., we differentiate Eqs. (24, 25, 26, 28)
with respect to 0 twice on the surface jc=/(r,0) and Eq. (27)
with respect to 0 once and then set 0 = 0. The last equation
becomes

(33)
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where/(r) =f^ (r,0). It can be considered as an equation for
w2+ while the other four equations are the equations for the
second \l/ derivative of u2, v2, p2, and p2 at \I/ = Q. Un-
fortunately, for weak shocks the determinant of the four
equations are the same as that for the weak oblique shock
mentioned before, therefore, the iteration scheme will involve
the complications of ratios of small numbers and leads to
inaccuracy and nonconvergence. To avoid this difficulty we
should recombine the basic equations before differentiations
with respect to \l/ so as to cancel out analytically a common
factor which vanish for zero shock strength.

After the elimination of p and p, the shock equations (24-
28) become:

RT, RT
(34)

Ui

-vI)=0 (35)

, - w y ) = 0 (36)

(U2 +Uj ) (U2 —U} ) + (V2 + Vj ) (V2 —V] )

+ (w2+w1)(w2-w1)+2yR(T2-TI)/(T-l)=0 (37)

where Qj;= u}.-v/r -w/^/r for y = l,2. Eq. (34) can be
rewritten as

! ) -1 -1} + (v2 -v} )fr

(38)

After the elimination of v2, v l f w2— vvy and T2 — T} we get

-(y-DQi(Qi+Q2)/(2y)}=o
Since u2 - u , ̂  0, we have

(39)

This equation can be used to replace any one of the shock
conditions. Since Eqs. (39), (35), and (36) involves only u2,
v2, and vv2, they form a complete set of shock conditions. To
obtain the shock conditions for the asymmetric variables, we
differentiate Eqs. (35) and (39) with respect to \l/ twice on the
shock surf ace *=/(/*, i/O and the set 0 = 0. The results are:

and

(40)

(41)

where

Qj = uj-v/r-v/r+(ujx-vjxfr)f

for 7= 1,2. These two equations together with Eq. (33) are the
governing shock conditions for the asymmetric variables u2,
v2, w2 and the shock shape /. Of course, another equation
relating u2 and v2 will be supplied by the equation along the
outgoing characteristic line.

As we have mentioned before, the shock equations (29-32)
for the variables in the plane ^ = 0 are uncoupled with those

for the asymmetric variables. However, they are coupled
indirectly because of the appearance of vv2 in the outgoing
characteristic equation. The iteration procedure for a new
shock point will be similar to that for a new characteristic
point. That is, we will first assign the value of w and deter-
mine the shock position and the variables in plane \l/ = 0 as an
axisymmetric problem. We will then use the asymmetric shock
conditions (33, 40, 41) together with the equation for the
asymmetric variables alomj the outgoing characteristics to
determine u2, v2f w2 and f. Thus we complete one cycle of
iteration. Using the new values for w2 we proceed to the next
cycle until the differences between the results of two cycles are
insignificant.

The computation for the formation of an embedded shock
is accomplished by calling the subroutine for characteristic
points and then the subroutine for embedded shock. Since
these subroutines include the computation for asymmetric
terms, so does the computation for the formation of an
embedded shock.

III. Numerical Results and Discussion
A numerical program for the asymmetric analysis outlined

in the preceding section has been completed by F. Kung. The
numerical program requires input data at a finite distance
from the body, say one body length. These data can be ob-
tained from a full three-dimensional analysis of the wing-
body configuration or from the experimental data. In order to
show the significance of the asymmetric effect, we prepared
our input data as follows: and equipment axisymmetric area
distribution representing the wing-body volume and lift
contributions is chosen in the same way as in the existing
procedures10'11'7 for sonic-boom analysis. Our nonlinear
axisymmetric program7 is employed to give the ground
signature and to create the data at one body length for the
variables in the plane of symmetry. The asymmetric data, i.e.,
the circumferential derivatives, are evaluated from the
linearized theory when a lift disttribution along the axis is
assigned. The location of the lift distribution at one body
length distance is corrected from the linear theory by
following the nonlinear outgoing characteristic line. In this
paper a reflection factor of 1.8 was used in obtaining the
ground level signature.

Figure 2 shows the pressure signatures from different
numerical programs namely, the uniform atmospheric
program and the real atmospheric program based on
Whitham theory, the nonlinear azisymmetric program7 and
the present analysis at M^ =4 flying at 80,000 ft. The
equivalent area distributions are shown in Fig. 3. The com-
bined volume and lift distributions are given by a cone-
parabolic body of length 300 ft while the base "area is the
maximum area of 596 sq. ft for a 15 ft cone with a half angle
of 5°. The length of the body and the length of the cone will
remain the same for all the numerical examples in this paper.
The lift distribution for case B has a maximum chord length
of 80% body length. The sectional lift increases linearly from
the leading edge at 20% of the body length to the maximum

Pilb/ft*) ————————UNIFORM ATM. PROG.
———————— REAL ATM. PROG.
————————NONLINEAR SYM. ANAL.
————————PRESENT ANALYSIS

Fig. 2 Comparison of pressure signatures (M^ = 4).
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Fig. 3 Equivalent body shapes (a = 5°).
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Fig. 4 Effect of different lift distributions.
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-A

Fig. 5 Comparison of pressure signatures (Mn - 6).

value at 1 /3 of the chord and then decreases linearly to zero at
the trailing edge. The total lift corresponding to the maximum
area of 596 sq. ft is 219,000 Ibs. For case A the chordwise lift
distribution is similar to that of B, but the total chord length is
reduced to 40% and begins at 60% of the body length. The
total lift remains the same.

Figure 2 shows that there is a significant difference between
fhe two methods based on Whitham theory for uniform and
real atmosphere and with the nonlinear axisymmetric theory
especially for the rear shock. These results were reported in
Ref. 7. The asymmetric effect reduced the pressure signature
from the axisymmetric analysis by 15%.

Figure 4 shows the effect of lift distributions. As expected,
when the lift distribution is shifted backward from 20% to

UNIFORM ATM. PROG.
REAL ATM. PROG.
NONLINEAR SYM. ANAL.
PRESENT ANALYSIS

Mo> = 8.0
eV r 8.5*
Y = lOO'OOOft

SOOft j
Fig. 7 Comparison of pressure signatures (M& = 8).

A/L*

.015

.010

.OO5

Mo, = 8.0
OL = 8.5°

- Y =100*000 ft

Total
Area

.2 .4 .6 .8
Fig. 8 Equivalent body shapes (a = 8.5°).

X/L

60% of the body length the asymmetric corrections become
much smaller.

Figure 5 shows the pressure signatures from the four
numerical programs for M00=6 flying at 100,000 ft. The
equivalent area distributions are shown in Fig. 6. The half
cone angle is 10° and the maximum area is 2420 sq. ft
corresponding to a total lift of 531,000 Ibs. Their differences
are quantitatively the same as in Fig. 2, although the
maximum load is more than doubled. The maximum boom is
only about 0.9 Ibs/sq. ft. The lift distribution shown in Fig. 6
is similar to case A of Fig. 4, i.e., it begins at 60% of the body
length. The reduction in the bow shock strength is almost 7%.
The interference is stronger because of larger Mach number
and total area so that the characteristic line from the leading
edge is now only slightly behind the bow shock at one body
length away.

Figure 7 shows the pressure signatures from four numerical
programs for M^ = 8 flying at 100,000 ft. The equivalent area
distributions are shown in Fig. 8. The half cone angle is 8.5°
and the maximum area is 1740 sq. ft corresponding to total
lift of 505,000 Ibs. Again we see similar differences between
them. The maximum boom is only about 0.8 Ibs/sq. ft.
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From these numerical examples, we show that we can
design an SST weighing 500,000 Ibs with maximum boom less
than 1 Ib/sq. ft and also confirm that asymmetric effects due
to lift do reduce the theoretical value predicted by the
axisymmetric theory. We know that there are other asym-
metric effects in a wing-body configuration, namely the
spanwise distribution of volume and lift. Their effects
represent basically the second harmonic term in the cir-
cumferential variable \l/ and are not included in the present
analysis. Efforts are being made to include corrections due to
those asymmetric affects in our theoretical predictions.
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